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Abstract 

We study Ward identities for simple processes with external gauge bosons in the 
time-ordered perturbation theory approach to time-like noncommutative gauge the- 
ories. We demonstrate that these Ward identities cannot be satisfied when all orders 
in the noncommutativity parameters Oio are taken into account. We conclude that 
in time-ordered perturbation theory one cannot solve the unitarity problem of time- 
like noncommutative quantum field theories. 
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1 Introduction 



Noncommutative Quantum Field Tlieory (NCQFT) has recently received re- 
newed attention (see [1] for a review). This interest is triggered by the connec- 
tion of NCQFT to string theory, by its nature as a non-local generalization 
of Quantum Field Theory (QFT) and by the possibility of experimental tests, 
provided the scale of the noncommutativity is sufficiently small. 

NCQFT starts from the assumption that the familiar continuous Minkowski 
space-time with coordinates is the long-distance limit of a space-time ge- 
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ometry with noncommuting coordinates x^, satisfying commutation relations 

In general, the antisymmetric matrix 9^^ may depend on x^. In this note, 
like in most previous studies, O^^, is assumed to be constant. The noncommut- 
ing coordinates can be realized on an ordinary commuting space-time by the 
associative Moyal *-product 

(/ * g){x) = Mm [e'^«^^V(^ + Ooi^ + v)] (2) 

which in momentum space induces phase factors e'^^^ with the antisymmetric 
product 

P A ? = ^.p'O.^q" . (3) 

In order to construct a NCQFT from a given QFT one can make use of a 
correspondence principle according to which all ordinary products of fields in 
the Lagrangian are replaced by Moyal *-products (see [1] and references cited 
therein). As a result, all interaction vertices acquire momentum-dependent 
phase factors. 

The Moyal *-product (2) involves derivatives of all orders and thus makes 
the theory non-local. Great care has therefore to be taken that the physical 
interpretation of the theory is not spoiled by this non-locality. While it ap- 
pears that the non-locality can be controlled for space-like noncommutativity, 
i. e. 9ij 7^ [2], there are serious problems with unitarity in the case of time-like 
noncommutativity, i. e. 6iQ ^ 0, when all orders in 6iQ are taken into account. 
The perturbative S'-matrix is no longer unitary, since the cutting rules are vi- 
olated, as shown by an explicit calculation in the usual covariant perturbation 
theory [3]. 

In [4], Time-Ordered Perturbation Theory (TOPT) for NCQFT was intro- 
duced as an attempt to solve the unitarity problem [3] by constructing a man- 
ifestly unitary time evolution operator in non-covariant perturbation theory. 
In [5], it has then been demonstrated that TOPT indeed solves the unitar- 
ity problem for scalar fields in time-hke NCQFT. Applications of TOPT to 
processes without external gauge bosons in Noncommutative Quantum Elec- 
trodynamics (NCQED) have been discussed in [6]. In section 2 of the present 
article, we briefly review TOPT in order to establish our notation and com- 
plete the Feynman rules given in [4,6]. 

However, the formal unitarity of the time evolution operator does not suffice 
in covariantly quantized gauge theories, where unphysical degrees of freedom 
contribute negative norm states. The unphysical degrees of freedom must be 
proven to decouple from the (S'-matrix to obtain unitarity in the physical sub- 
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space. In sections 3 and 4 we will show that the tree-level Ward Identities (Wis) 



^ {0\TA'^{x)M^,)M^2) ■ ■ ■ *n(a;n)|0),^p,,,,,,, = (4) 

with external photons cannot be satisfied in TOPT for time-like NCQED. 
The Green function (4) is amputated for all fields The amputated gauge 
field Afj, corresponds to a current insertion. 

A practical consequence of the violation of the Wis (4) is that differential 
cross sections calculated with covariant polarization sums — including sums 
over ghosts — are no longer positive definite. Indeed, we were alerted to the 
problem under investigation by this phenomenon in the calculation of Comp- 
ton scattering. Furthermore, the violation of tree level Wis with external gauge 
bosons will obviously invalidate the cutting rules for loops involving gauge 
bosons. 

Thus TOPT does not solve the unitarity problem in NCQED for processes 
with external photons. Our proof of this statement carries over to any time- 
like Noncommutative Gauge Theory (NCGT). 



2 Time-Ordered Perturbation Theory 

Upon integration over space-time, the *-product (2) is cyclically symmetric 
and reduces to the ordinary product for one pair of factors 

jd^xifi* f2*---* fn){x) = jd^x{f2*---*fn* fi)ix) (5a) 

jd^xih*---* fn){x) ^jd'xih*---* fi){x){fi+, * • • • * /n)(x) . (5b) 

This can be seen by partial integration, using the antisymmetry of (3). It fol- 
lows from (5b) that the propagators remain unchanged when ordinary prod- 
ucts are replaced by *-products. In addition, (5a) shows that the additional 
phases are invariant under cyclic permutations. 

In [4] it has been proposed to use TOPT to construct formally unitary quan- 
tum field theories with time-like noncommutativity. In TOPT, each propaga- 
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tor is split into a positive energy and negative energy piece: 



P2 




t t' P2 



t t' P'2 



pi = P2 
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iq 
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Pi Pi ■ ■ Pi 

Here all four-momenta are taken on-shell, in particular 




(6) 



(7) 



Since the three-momcntaare conserved at a vertex, q = Pi + P2 = Pi + P2' 
energy cannot be conserved. 

After Fourier transformation (F.T.), the Moyal phase </? of a n-point vertex 

($1 * $2 * • • • * ^n){x) ^ e-''^(^i'*'^--'*'")$i(pi)$2(p2) • • • *n(Pn) (8) 

is given by 

ip(pi,P2,---,Pn) ^^Pi/\Pj (9) 

i<j 

using the notation (3). The phase ip defined in (9) is not cyclically symmetric 

¥^(^1,^2, . . . ,p„) 7^ ip(p2, ■ ■ ■,Pn,Pi) ■ (10) 
Only in the case of four-momentum conservation, the contributions from either 
the first or the last momentum cancel 



^{Pl,P2, - ■ ■ ,Pn) 



P1+P2H \-Pn=0 



V{Pl,P2, ■ ■ ■ ,Pn-l) = ^{P2, ■■■,Pn) 



and cyclical symmetry is recovered. Therefore, (10) introduces an ordering 
ambiguity in (8) that must be taken into account. 

Using the notation q^^^ = ±^/q^ + m^, the two scalar propagators in TOPT 
can be expressed as [4] 



2?S'^o-gS'^+Aie 



[12) 



Since the phase (9) depends on all four-momenta at the vertex, it is generally 
impossible to remove the dependence of (p on the two on-shcll momenta q^"^^ 
with positive and negative energy. Consequently, the two contributions to 
the scattering process in (6) have different Moyal phases 0(?^^^), where the 
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dependence on the external four-momenta is suppressed for brevity. After 
adding up these two contributions, the same poles as in covariant perturbation 
theory appear 



^± 2gS^) go - ?o^^ + Aie g^ - g' - + \e - w? + \e 



however the residue is not simply unity, but a linear combination of the phase 
factors e^-^^"'*') [4]: 

R{<i''-\<i'-') = \Y. ■ (14) 

At this point we want to stress that the structure of (13) allows the following 
approach to Wis: in a first step, we can ignore the phases from TOPT and 
draw conclusions from the required cancellation of poles alone. In the second 
step, we can then use the results from the first requirement and derive relations 
among the phases. 

The authors of [4] have not given a prescription for propagators with momenta 
in the numerator. This will be done here. The propagator for a spin-1/2 field, 
is composed of the positive and negative energy contributions 



15a) 



where we have substituted q — > — g in the last step of (15b). Hence the spin-1/2 
propagators in momentum space in TOPT are given by 



(16) 



Just as for scalar particles, the poles are the same in TOPT as in covariant 
perturbation theory, but the residue is modified and a regular term is added: 
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) 



(17) 



with R from (14) and 



i?^(g(+),g(-)) = i(e''^(«<+^)±e^'^(^'-^)) . 



(18) 



The gauge boson propagator in TOTP can be derived analogously. For our 
purpose it suffices to consider only Feynman gauge {C, = 1), in which case 
there are no momenta in the numerator and the propagator is given by 



2.1 NCQED 

The arguments that will be put forward in section 3 are valid for arbitrary U(A^) 
NCGTs. For = 1 all nonzero charges have to be the same, up to a sign. 
NCGTs for SU(A^) and U(l) with different nonzero charges can be constructed 
in the enveloping algebra [7] . The investigation of the interplay of gauge in- 
variance, temporal non-locality and unitarity in the formulation [7] requires 
the study of the corresponding Seiberg-Witten maps to all orders in O^i, and 
will be the subject of future research. For simplicity, we confine ourselves to 
a U(l)-theory with one massive spin-1/2 matter field (NCQED). It will be 
obvious how to generalize the results. 

The Lagrangian for NCQED, 



(19) 



>C = -- 



(20) 



with 




(21a) 
(21b) 



is invariant under the gauge transformations 



^^■0 = ier] * 
Sf^'ip — — ie'0 * T] 



(22a) 
(22b) 
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5r,A^^[D^*rf\, (22c) 

where the *-commutator is defined by 

= (23) 

The gauge invariance can most easily be seen from the covariant transforma- 
tion rules 

5^D^ = -ied^A^ = ie[ri* D^,] (24a) 
5r,{Di,*i)) = ieri*Di,*i: (24b) 
5r,F^, = ie[7]*F^,]. (24c) 

The cubic and quartic interactions in the Lagrangian (20) are given by 

£3 = eV5 * 4 * + eid^ A^ * [A^ * A^] (25a) 

A = (25b) 

Taking into account the ambiguity (10) in assigning the Moyal phases ip in 
TOPT, one has for the e+e"7-vertex: 

3 

^Y.Cie-''^'^''''P^'4;ip)4{k)iP{p) (26) 
1=1 

with arbitrary coefficients q obeying Ci + C2 + C3 = 1. Here we have introduced 
the notation Lpi{ki, k2, k^) = <f{ki, km, kn) for cyclical permutations {l,m,n} 
of {1, 2, 3}. With p and k incoming and p' outgoing, the corresponding vertex 
factor is given by 




While the phase factors in (26) and (27) are fixed by TOPT, the choice of the 
coefficients q is ambiguous. In the case of the 87- vertex 
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the corresponding ambiguity in the Moyal phases leads to 



c[idi,A^ *A''*A'' + c'^Af" * A" * id^A^ + d^A" * id^A^ * A^ 

- c^id^A^ *A''*A^- c'^A" * * id^A^ - c^A^ * id^A^ * A" (29) 

with c'l + C2 + C3 = 1. In general, the coefficients and q are different. 

When Fourier transforming (29), one faces another ambiguity associated with 
the derivative couplings. In covariant perturbation theory, derivatives can be 
shifted by partial integration from one field to the other fields at the same 
vertex, with energy-momentum conservation insuring that the final result is 
independent of this choice. In TOPT however, one will get different results 
from a derivative acting on one field and a derivative acting on the product of 
the other fields. While in a local QFT the physical results can be shown to be 
equivalent by using the equations of motion [8], this is not the case in a non- 
commutative QFT with an infinite number of time derivatives. In section 3 
we will use the Wis to derive an unambiguous prescription for the choice of 
the momenta corresponding to the derivatives after Fourier transformation. 
These momenta are denoted by ki for now. 

With this convention the interaction (29) yields the vertex factor 

i^i,;i2,M3(^l> ^2, ^3) — 

3 



i=l 



+ cyclic {1,2,3}. (30) 



where /ci,2,3 appearing in the Moyal phases are the on-shell momenta of TOPT. 
Defining 

Sk^ki + k2 + k3, (31) 
the expression (30) can be written in the form 

i^Mi,M2,/.3(fci, ^2, ^3) = (fcf 5'^^'^^ - ^^^^^) C23(fci, ^2, ^3) + cyclic {1, 2, 3} 

(32) 

with 

C23{ki, k2, ka) = 2sin(A;2 A k3)Ci{ki, k2, ks) + 2Co{ki, k2, ks) (33a) 

and 

Ci{ki, k2, ks) = c'lC-^'^i^^^' + 4e''=i^^'= + 4 cos{6k A (fca - ks)) (33b) 
Co{ki, k2, k^) = C3 cos(A;2 A k^) sin(5A; A {k2 — k^)) (33c) 



Note that 



(^23(^1, ^2, ^3; 



= 2 sin(A;2 A k^) (34) 

5fc=0 
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as in NCQED for % 7^ [9]. 



3 Ward Identities for Compton Scattering 



After adding the gauge-fixing term 

>Cg., = 5brst {c*(^^B + d^A^^ j (35) 

with Faddeev-Popov ghosts c, antighosts c and a Nakanishi-Lautrup field B, 
to the Lagrangian (20), the sum C + Cg,t is invariant under the BRST trans- 
formations [10] 

(^BRST'0 = iec * -0 (36a) 
(^BRST^ = -ie^ * c (36b) 
SbrstA^ = [D^1c] (36c) 
^brstc = i [etc] (36d) 
(^^brstC = 5 (36e) 
5brst5 = . (36f ) 

The invariance of the action under (36) engenders relations among Green func- 
tions of the theory, known as Slavnov- Taylor identities (STIs). The prototype 
STI is derived from 

''o\ = (37) 



using the equation of motion for B — —d^A'^/^: 
^ (0|T^'^(x)*i(a;i)$2(x2) • • •$n(a;„)|0) = 

eE(±)(0|Tc(x)$i(xi)---5BRST$i(x,)---$n(^n)|0) , (38) 

i 

where the sign of each summand is fixed by the anticommuting nature of the 
BRST transformation. 

In (36) the BRST transforms of the physical degrees of freedom ■0, t/S and ^4^ 
(with d^A^ = 0) are bilinear in these fields and the ghost c. Therefore, the con- 
tributions of these transforms to the STIs are cancelled when matrix elements 
of physical fields are amputated on-shell. As a consequence, the STIs (38) 
reduce on-shell to the Wis 

^ {0\TA^{x)^^{x,)^2{x2) ■ ■ ■ ^.(^n) |0)_p„,,,,,, = (4) 
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if all fields $j are either matter fields or gauge fields with physical polariza- 
tions. 



When any one of the Wis (4) is violated, the BRST charge Qbrst generat- 
ing (36) is not conserved and it is impossible to construct a positive norm 
Hilbert space for the physical asymptotic states from the cohomology of the 
BRST operator using the condition Qbrst |phys) = 0. Therefore, one cannot 
not make physical sense of a gauge theory, unless the Wis (4) are satisfied. 

The simplest example for the violation of Wis in TOPT is provided by Comp- 
ton scattering e~7 — > e~7 or any of its crossed variants. The three contributing 
Feynman diagrams 



Pi P2 
Qs 



ie^Mt <=„ ,„„.{pi,P2,ki,k2) 



ki 
Pi 



k2 

P2 



ie^Al" ,„„^(pi,P2, ki,k2) 



ki 
Pi 



k2 

P2 



ki k2 



yield 



(0|TA^,(A;i) (ef:)(A;2)A^2(^2)) ^1(^1)^2(^2) 



amputated, on-shcU 



(39a) 



(39b) 



(39c) 



= ^(.) + ^(.) + ^U (40) 
for photon polarizations k — ±. Starting with the s-channel and defining 



qs^Pi + ki^P2 + k2 
= Pi - ^2 = P2 - ki 
qt^P2-pi^ ki- k2, 



(41a) 
(41b) 
(41c) 



we find 



= k^'^T.)ik2)Ml^,,^^^^M^P2, k^, k2) = Wl;^ + 



(42a) 
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with 

= E c^CjR^''\Qi''\ <t^)usMii.){h)usAPi) (42b) 
= - E c.c,i^!!■'^■(g^^ gl-^)^«..(P2)/w(^2)7o^^is,(pi) . (42c) 
and, using (14) and (18), 

A=± 2 

Here, the term W^f^ remains after using the equation of motion for cancelhng 
the electron propagator 

—ftiUsiiPi) = 1 , ■ (j^i + h- "^)tisi(Pi) = ^isi(Pi) ■ (43) 



(A) 




(42d) 



is 



m + ie — m + i£ 

Similarly for the zi-channel, one gets 

= <.M^2)-^"i^..mM.(^^i'^^2, /.2) = WJJ + >VJ:° (44a) 

with 

= - E QC,i?"'^n9i+\ 9i-^)«..(P2)/w(fc2)u.,(pi) (44b) 



W^J = - E c.c,i?!i'^^(gi+\ qi-^)^%MMi.){k2)uM (44c 



and 



R'''''{ql^\qi-^) = E e-^*'^(-^'^'*^i'«"'^)e-^^^-(-««'^'-'=^'^'i)- ( 1 + %^ ) (44d) 

A=± 2 \^ gyy 

R-'\qi^^ , gi"^) = E e-'^*^-^'^'*^i'«"")e-^^^(-«"'^'-*^^'^i) - . (44e) 

A=± 2 

Finally, the i-channel contribution is given by 



i=i A=± ^ V qu,oJ 

1 



t^.2(P2)7'^^^^.i(pi)f2^mM2/.3(^i, -^2, -gJ'^)^ref,yA;2) (45) 



qt 
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where the additional phases are absorbed in the 87 vertex factor V. 

In the case of vanishing timc-likc noncommutativity, i. e. 6oi = 0, we can 
use (11) to remove all dependence of the Moyal phases on the internal mo- 
menta. Then the sums over i, j and A become trivial, yielding 

Wf.) = e-^^(-^^'-'=^'^^'^^)w.,(p2)^w(^2)«..(pi) (46a) 
= -e-''^^-^^''^'-'^'^^^«s.(P2)^(K)(A;2)wsi(pi) (46b) 

>V(% = e-'^^P^'-P^^UsMr'UsM^Vf.^,.^^s{ki, -k2, -qt)k^'e^^'^^{h) . (46c) 

Furthermore, the s- and w-channel contributions can be combined since the 
overall energy conservation makes the phases cyclically symmetric 

+ >Vr«) = -2isin ih A h) ^^'''^'UsMi(.){k-,)u,M . (47) 

Using 

^i'ef«)(fc2)V^i/.2M3(^i> -^2, -qt) = i (qli{n){k2) - {qte{^){k2))qt,^,^)2siji{ki A /cs) 

(48) 

one finally recovers Wf^) + Wf^) + Wf^^ = [9]. 

Returning to the general case, the presence of the pole in (45), together 
with its absence in (42) and (44), shows that, for any cancellation between 
^f/t) + ^("k) ^"'i ^(k) place, we must have 

^i'ef«)(^2)V;.i^2M3(^i' -^2, -gf ^) = ai^t e(«),^3 + aiqt,,,^ , (49) 

where the Q;2-term is allowed because it will not contribute due to current 
conservation, i.e. ■u(p2)^tii(pi) = 0. In order to determine the consequences 
of (49), we can make the general ansatz 

^1/^2^3(^1' ^2, ^sl^l; ^2, ks) = (&lA';i^^3 — &2^2,^t3)fl'^ti/i2 

+ (^2^:2,^1 - ^3^3,Mi)5'/.2M3 + (^3^3,M2 - ^l^l,M2)5'/^3Mi (^0) 

where the coefficients 6j can contain momentum dependent phase factors. For 
the process at hand, we have ki = ki and k2 = /c2 since they are external 
on-shell momenta {kj = /c| = 0). Using e^^-^{k2)k2,,j, = 0, we obtain 

ki'^(^){k2)V^^H2t^3ibi, b2, bslki, ki, /cs) = 

^2 ^ ^3gW.M3(^2) - b{he(^){k2))h^f,^ + {he(^){k2)){hki + b2k2 + 6^:3)^3 

b — b - 

- h2{5ke^^))k2,„3 + {5k{h^k2 - h2k^))e^^)^^^ + ^ ^ > (^1) 

where the term proportional to b has been added and subtracted. The first 
term in the right hand side of (51) corresponds to the term proportional to ai 
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in (49) and cancels the pole. Like the term proportional to 02 in (49), the 
second term will not contribute to the Wl. The remaining terms have to vanish. 
This gives us two conditions for the momenta in the derivative couplings 

5k^ki + k2 + h^0 (52a) 
63^:1 + 62^:2 + = , (52b) 

which can be satisfied simultaneously for ki ^ 0, if and only if 

b3 = b2 = b. (53) 

Therefore these momenta must satisfy energy-momentum conservation and 
cannot be the momenta in TOPT that do not conserve energy at the vertices. 

At this point, we could proceed by attempting to solve the Wl W(*^) + W^^^ + 
^(k) ~ explicitly, using the conditions collected so far. However, it will turn 
out in the next section that the general structure of the phase factors in (42) , 
(44) and (45) provides enough constraints for deciding whether (4) can be 
solved. 



4 Mismatched Phases 



It turns out that already processes involving two gauge bosons and two matter 
fields as discussed in section 3 suffice to demonstrate the violation of Wis 
in TOPT. 

Since all factors multiplying CiCj and Cic'j in the contributions from the three 
channels (42), (44) and (45) are non-zero, the coefficients q and for the 
e'^e"^- and 37- vertices must be chosen such that the corresponding combina- 
tion of phase factors vanishes to get W^*^) -I- W^" ^ -I- W*^) = 0. 

The overall momentum conservation Pi + ki = P2 + k2 constrains the Moyal 
phases. Taking these constraints into account, parameterizing the violation of 
energy conservation at the vertices by 

5qW ^ qW -p,-k,^ ) - P2 - k2 (54) 

and using an obvious notation with respect to the indices i and j, we find in 
the s-channel 

g-i(¥'<(-P2,-fe2,9s'^')+</'3(-9i'^\fei>Pi)) 
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1 


g-2i(5gi^^Ap2 




g-ipiAp2gifclAfc2 




Q2iSqr'Ak2 


1 




Q2iSqi^^Api 


Q-2iSqi^^Aqt 


g-2i5gi^'Afci 


channel {ki 


-k2), we 


obtain 





• (55) 



-i(vi(-P2,fci,gi^')+</'j(-gi'^\-fc2,pi)) 





1 


g-2i5gi^)Ap2 


Q-2iSqi^^Aqu 


g-ipiAp2g-ifciAfe2 


g2ii5q^^^Agu 


Q-2iSqi^'> Aki 


1 




g2i(5gi^^Api 


Q-2iSql^^Aqi 





(56) 



with 

Finally in the i-channel, with 



(57) 



5#^ = #^-Pi+P2 = g;^) + A;,-A;., 



(58) 



the phases factors are a combination of 



Q-i{fi{-P2A^\pi)+fj(.ki,-k2,-ql'^')) 





g-2i5gf'Api g- 


-2i5g(^>Ag, 


g-2i5g(^>Ap2 


g-ipiAp2gifeiAfe2 


1 e- 


-2i(5g(^^^Aiti 


g-2W?('^'Aqt 




g2Wgf)Agt g- 


-2i5q^^^^Ak2 


1 



(59) 



and the same terms with ki <-> k2. The phase factor e"'^^'^^^ is common to 
all contributions. The factors e^'^'^^^'^^ must combine to a factor sin(A;i A k2) as 
in (47) in order to preserve the Wl. This is not possible because of the remain- 
ing phase factors that depend on the TOPT momenta Sq^'^^ Sq^^ and 6q^'^\ 

A simple example can serve as illustration: the dependence of the phases on the 
external momenta in the s-channel (55) and it-channel (56) is only the same 
for the factors multiplying ciCi, where the phases from TOPT have cancelled 
altogether by the overall energy conservation. Choosing Ci = 1 and C2 = 
C3 = would turn off all other phases in (55) and (56), but then the factors 
multiplying cic'j in the t-channel (59) contain phases that depend on dq^'^^ in 
a way that cannot be cancelled by other factors in the matrix elements. 
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In phenomenological applications, the violation of the WI manifests itself in 
negative results for cross sections calculated with covariant polarization sums 

E ^'.c - -r (60) 

a=± 

and including the ghost diagram 

Pi P2 




with the CC7 vertex given by the Faddccv-Popov Lagrangian £g f. (35). The 
pragmatic way of circumventing this problem by summing only over physical 
polarizations could only postpone the problem, because the negative tree level 
cross section will reappear as violations of the cutting rules at one-loop level. 

Calculations in an effective field theory approach to NCGT [7], that consider 
only terms of a given finite order in OiQ are not affected by the problems 
discussed in this article. 



5 Conclusions 

We have shown that it is impossible to construct interaction vertices for time- 
like Noncommutative Gauge Theory (NCGT) in Time- Ordered Perturbation 
Theory (TOFT), in the form proposed in [4], that lead to scattering amplitudes 
with external gauge bosons which satisfy basic Ward Identities (Wis) (4) . Our 
arguments do not depend on detailed features of the theory, but follow from 
phase factors that spoil the Wis. We have worked in NCQED to simplify 
some notations, but it is obvious that our arguments carry over to any U(A^) 
time-like NCGT. 

Since the definition of a physical positive norm Hilbert space for gauge theories 
rests on STIs and Wis, we have to conclude that TOFT cannot be used 
to cure the unitarity problem of time-like NCGTs. It appears that only a 
prescription that abrogates the relation between amputated Green functions 
and scattering amplitudes, as expressed by the LSZ reduction formulae, could 
rescue TOFT for time-hke NCGT. At present, we have no suggestion for 
such a prescription. Since it is reasonable to insist that observed asymptotic 
states are described by a commuting field theory, we have doubts that such a 
radical modification exists. It is interesting to note in this context, that the 
standard reduction formulae have also been questioned for time-like NCQFT 
from another perspective [11]. 
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An investigation of the approach of [7] in the case of time-hke NCGT will be 
the subject of future research. 
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